Hua domains, generalized Hua domains and Hua constructions, named after the great Chinese mathematician Luogeng Hua (Loo-Keng Hua), are generalizations of CartanHartogs domains introduced by Weiping Yin around the end of the 20th century. In this paper, we give a complete description of automorphism groups of generalized Hua domains. We also discuss the corresponding problem for Hua constructions.
Introduction
Let ⊂ C N be a bounded domain. The automorphisms group Aut( ) of is the collection of one-to-one and onto holomorphic mappings ϕ : → (whose inverse is automatically holomorphic, cf. [10] ), which forms a group under the binary operation of composition of mappings. It follows from the work of H. Cartan that Aut( ) is a finite dimensional real Lie group (cf. [9] ).
The study of automorphism groups of complex domains is a classical topic in complex analysis. It is a particularly powerful tool in several complex variables. For example, using automorphism groups, Poincaré showed that balls and polydiscs in multi-dimensions are not biholomorphically equivalent, hence there is no Riemann Mapping Theorem in several complex variables.
From the work of Bedford-Dadok [2] and Saerens-Zame [13] , it is known that every compact Lie group can be realized as the automorphism group of a strictly pseudoconvex bounded domain with real analytic boundary in C N . On the other hand, from the work of B. Wong [15] , a C ∞ strongly pseudoconvex domain with a noncompact automorphism group is necessarily biholomorphic to the unit ball. An outstanding problem concerning noncompact automorphism groups is the Greene-Krantz conjecture (cf. [5, 6] ): A boundary orbit accumulation point of a smoothly bounded domain in C N is a point of finite type. By Bedford-Pinchuk [3] , if the automorphism group of a bounded domain with real analytic pseudoconvex boundary in C 2 is noncompact, then it is biholomorphic to the domain {(w, z) ∈ C 2 : |w| 2μ + |z| 2 < 1, μ ∈ Z + }.
Domains of the form {(w, z) ∈ C × C n : |w| 2μ + |z| 2 < 1} with μ > 0 are called egg domains. Rewriting |w| 2μ + |z| 2 < 1 as |w| 2μ < 1 − |z| 2 and noticing that 1 − |z| 2 > 0 defines the unit ball, one can regard egg domains as domains built upon the unit ball which is a very special bounded symmetric domain. Thus one can try to construct domains which are built upon other bounded symmetric domains.
Let D ⊂ C n be a bounded symmetric domain. Denote by N D (z, w) its generic norm with N D (z, z) > 0 for all z ∈ D (see e.g [4, 14] ). Then one can define Cartan-Hartogs domains as
A complete description of the automorphism groups of such domains are given in [1] .
As the generalization of Cartan-Hartogs domains, one can define Hua domains as (cf. [16] 
More generally, one can define generalized Hua domains as
A domain ⊂ C N is called homogeneous if its automorphism group is transitive on . In Section 2, we will show that the only homogeneous generalized Hua domain is the unit ball (i.e. with D being the unit ball and each μ j = 1 and ν = 1). Our main result is the following complete description of the automorphism groups of inhomogeneous generalized Hua domains.
THEOREM 1·1. Let H D be an inhomogeneous generalized Hua domain (i.e. not the unit ball). Then its automorphism group Aut(H D ) consists entirely of the following mappings
where ϕ(z) ∈ Aut(D), U j (w j ) ∈ U(m j ) (the unitary group of degree m j ) and
In Section 2, we recall some basic definitions and results. In Section 3, we prove Theorem 1·1. In Section 4, we discuss 'Hua constructions,' which are further generalization of Hua domains. 
Preliminaries
Type II domains I I n : V is the space of skew symmetric n × n complex matrices,
Type III domains I I I n : V is the space of symmetric n × n complex matrices,
For simplicity, we will write
For any ϕ ∈ Aut(D) and z, w ∈ D, we have (cf. [4, 14] )
which implies
We also have 
We write t ∈ T p ( ). We say that ∂ is (weakly) Levi pseudoconvex at p if
If the above inequality is strict whenever t 0, then p is said to be strongly pseudoconvex. Let ⊂ C N be a bounded domain and p ∈ ∂ . We say that p is a boundary orbit accumulation point if there are a point q ∈ and automorphisms ϕ i ∈ Aut( ) such that ϕ i (q) → p as i → ∞. We will also need the following Wong-Rosay theorem.
THEOREM 2·2 (Wong [15] , Rosay [12] 
Automorphism groups
Let H D be a generalized Hua domain which is not the unit ball. The idea of the proof of Theorem 1·1 is similar to [1] . However, the details, especially for showing pseudoconvexity in Lemma 3·2, are much more involved.
Proof. For mappings (1·1), we have for each 1 j r
where we used (2·1) for the second equality. Thus we have
By the definition of H D , this shows that mappings (1·1) are indeed automorphisms of
be two mappings as in (1·1). Theñ
Using (2·2), we havẽ
Thus˜ • (w, z) also has the form (1·1), which proves the lemma.
The boundary of H D can be decomposed as
LEMMA 3·2. 
For type I domains 
and
At Z 0 , we have N (z, z) = 1 − |z 11 | 2 and
Then one readily checks that
For 1 j r , write w j = (w j,1 , . . . , w j,m j ) . Then the Levi form of ρ at Z 0 is given by
By the Levi form (3·2), we need to show that for t = (s 1 , . . . , s r , t 1 , 0, . . . , 0) 0 satisfying (3·3) we have
From (3·3) we have
Note that at the boundary point Z 0 we have
with at least one |w j | 0. Using (3·5) and (3·6), we can rewrite the left-hand side of (3·4) as
Thus to show (3·4), we need to show that
The left-hand side of (3·7) can be rewritten as C + D with
For C, we get, by the Cauchy-Schwartz inequality,
For D, we have
Therefore (3·7), hence (3·4), is valid and we have shown that ∂ 1 H D is strongly pseudoconvex at Z 0 .
Type IV: Let z = {z 1 , . . . , z n } be the complex coordinates for a type IV domain D. As above, it suffices to show that ∂ 1 H D is strongly pseudoconvex at a boundary point Z 0 = (w, z 1 , 0, . . . , 0) .
For type IV domains (z 1 , 0, . . . , 0) . One readily checks that the Levi form of ρ at Z 0 is given by
By the Levi form (3·8), we need to show that for t = (s 1 , . . . , s r , t 1 , 0, . . . , 0) 0 satisfying (3·9) we have
Note that if we replace 2ν by ν and z 1 by z 11 in (3·9) and (3·10), then we get (3·3) and (3·4). Therefore, arguing exactly as above we can show that (3·10) is valid. Hence, ∂ 1 H D is strongly pseudoconvex at Z 0 .
Remark 3·3. The above lemma does not hold for "Hua constructions" (see Section 4 for details).
LEMMA 3·4. H D is not a homogeneous domain.
Proof. Assume that H D is a homogeneous domain. Then H D is a bounded symmetric domain since it is symmetric with respect to the origin. By Lemma 3·2, each point in ∂ 1 H D is strongly pseudoconvex, thus H D is of rank one, hence is the unit ball, a contradiction.
In particular this implies that D is of rank one. Therefore, H D takes the form
It is easy to see that the above domain is the unit ball if and only if μ j = 1 for each j and ν = 1.
LEMMA 3·5. The set {0} × D is invariant under every mapping in Aut(H D ).
Proof. Let 
where
Proof. Since H D is a bounded complete circular domain, is linear by Cartan's Theorem. It remains to be seen that B = 0. Choose a mapping 1 as in (1·1) such that 1 (w, z)
For all k 1, we then have
Since the isotropy group at the origin is compact, we must have B = 0. Hence = −1 • −1 1 and it takes the form (3·11) as claimed.
The proof of Theorem 1·1 now follows easily.
Proof of Theorem
and • (0, 0) = (0, 0). Thus by Lemma 3·6, • takes the form (3·11), which is a particular form of (1·1). By Lemma 3·1, the mappings in (1·1) form a subgroup of Aut(H D ). Therefore also has the form (1·1), which completes the proof. 
Hence as in [1, proposition 4·1], we have
It Remark 3·8. Let ⊂ R r be the set defined by
Define a map π from H D to as follows:
Then by the definition of H D , the map π is surjective. For each x ∈ , by (3·1) and Theorem 1·1, the "fiber" π −1 (x) is invariant under Aut(H D ), whose action is transitive. Thus H D is a "fiber-wise homogeneous" domain.
On Hua constructions
As a further generalization of Cartan-Hartogs domains, one can define Hua constructions as (cf. [16] )
Consider mappings of the form
with z 0 = ϕ −1 (0). As in Lemma 3·1, one can show that mappings (4·1) form a subgroup of Aut(HC D ). A natural question is then whether Aut(HC D ) consists entirely of such mappings. While we do not know the answer to this question, we show below that a similar argument as in the previous section does not work for Hua constructions since Lemma 3·2 in general fails in this case.
For simplicity and clarity, we consider the case m = r = 2 and write N for N D (z, z). Assume that ν := ν 1 > ν 2 and set δ = ν 1 − ν 2 . Then on the boundary of HC D , we have Choosing s 2 and t 1 non-zero such that E = 0, we get
Since 0 < 1 − |z 1 | 2 < 1 and δ 0, for ν − δ big, we obviously have F > 0. Note that in (4·9) |w 2 | 2μ 2 N δ − N ν = −|w 1 | 2μ 1 < 0, thus we finally get L < 0.
